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Large non-Gaussian Halo Bias from Single
Field Inflation

Ivan Agullo, Sarah Shandera
Institute for Gravitation and the Cosmos, The Pennsylvania State University, University
Park, PA 16802, USA

E-mail: agullo@gravity.psu.edu, shandera@gravity.psu.edu
Abstract: We calculate Large Scale Structure observables for non-Gaussianity arising from non-Bunch-Davies initial states in single field inflation. These scenarios can
have substantial primordial non-Gaussianity from squeezed (but observable) momentum configurations. They generate a term in the halo bias that may be more strongly
scale-dependent than the contribution from the local ansatz. We also discuss theoretical
considerations required to generate an observable signature.
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Introduction

The study of the primordial cosmological perturbations has recently shifted focus toward a careful analysis of statistics of the fluctuations beyond the power spectrum. The
higher order statistics, collectively called non-Gaussianity, are an extremely rich source
of new information about the origin of the cosmic inhomogeneities. To make the most
of this information we must both measure the effects of any primordial non-Gaussianity
and understand the implications of the result for theories of the very early universe.
The goal of this paper is to work out new observational consequences of a conceptually important aspect of any inflationary scenario: the quantum initial state. The
choice of initial state, and how observationally relevant it is, has long been a source
of debate among inflationary theorists [1–4]. Several years ago, interest in the idea
was driven by the possibility of seeing evidence of some high energy scale M in corrections to the power spectrum [5–13]. Generically M > H, where H is the Hubble
rate during inflation and M could be the string scale, for example. Any corrections to
the power spectrum depend on powers of the small ratio H/M . For a general initial
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state, scenarios that are not already observationally ruled out can at most add a high
frequency, small amplitude oscillation on top of the nearly scale-invariant, monotonic
power spectrum. In addition, an observable signal seems to require a fine-tuning in the
time that one specifies the initial state compared to the time when modes observable in
the Cosmic Microwave Background (CMB) exit the horizon. So, although intriguing,
the possibility of observing generic initial states was not widely considered likely to be
observationally interesting.
However, the study of non-Gaussianity has shown that higher order correlation
functions are more sensitive to physics at scales M > H than the power spectrum is.
The amplitude of non-Gaussianity generically increases the closer to H the scale M
is; conversely, for fixed H, higher order correlations become unobserveably small as M
approaches the Planck scale MP . Non-Gaussianity then offer a more powerful tool to
study the physical consequences of the initial conditions for inflation.
The motivation for considering a generic initial state is the same as the motivation
for considering any other kind of non-Gaussianity: we do not know the particle physics
of inflation, or how long inflation lasted or what came before. At best we might
parametrize our ignorance in terms of an effective description at scale M . In that
case, it is natural to expect modifications to the initial quantum state together with
new interaction terms in the effective Lagrangian of the inflaton. Some scenarios may
appear more fine-tuned than others, but fortunately we have observations to act as a
counterpoint to the theoretical prejudices of the moment.
Generalizations of the initial state, through gravitational interactions alone, produce a primordial three point correlation function, or bispectrum, with a large amplitude in squeezed triangle configurations where one of the momenta is much smaller
than the others (k3  k2 , k1 ) [14, 15]. This type of bispectrum has a very significant
effect in the power spectrum of gravitationally bound objects like galaxies and galaxy
clusters. In anticipation of further improved constraints and a generalized analysis
of data from future surveys [16–20], we work out the observational consequences for
Large Scale Structure from primordial non-Gaussianity arising from a generalized initial state. Existing data has not yet been analyzed with the bispectrum we study here
in mind, but we will show that in principle a generalized initial state could already
be well constrained with the existing measurements of the halo bias [21, 22]. Previous
work on the bispectrum, largely focused on the CMB, can be found in [14, 23–30].
A complementary analysis to ours of the effects of a generalized initial state on the
CMB and large scale structure has been simultaneously completed by J. Ganc and E.
Komatsu [31], and some of their early results were previously presented by E. Komatsu
at the ‘Pre-Planckian Inflation’ conference [32].
The main points we will stress in this paper are:
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• The bispectrum arising from a generic initial state is an example of non-Gaussianity
that is large in squeezed momentum configurations (k3  k1 , k2 , all scales observable today), and is single field in origin. This is unexpected from the point
of view of the consistency relation [33–35], but not necessarily inconsistent.
• This bispectrum can lead to a term in the halo bias that is more strongly scale dependent than the analogous contribution from local ansatz [36–38] non-Gaussianity.
• The amplitude of the non-Gaussian bias receives the most significant contributions from squeezed, nearly collinear momentum configurations (sometimes called
‘elongated’ in the literature) as well as subdominant contributions from squeezedisosceles configurations.
These points are explained in detail in the rest of the paper. In Section 2 we
introduce a phenomenological form of the bispectrum and study the main characteristics of its shape. We review the theoretical motivation for the bispectrum arising
from non-vacuum initial states, and consider some illustrative examples. However, the
theory discussion is self-contained and can be skipped by readers interested in just
the phenomenological consequences for Large Scale Structure (LSS). In Section 3 we
compute some observational signatures in Large Scale Structure arising from this bispectrum. We conclude with the implications for parameterizing future LSS constraints
on primordial non-Gaussianity.

2

The Generalized Initial State (GIS) Bispectrum

The bispectrum, Bζ , for primordial curvature perturbations ζ is defined in terms of the
three point correlation function in momentum space
3 ~
hζ~k1 ζ~k2 ζ~k3 i = (2π)3 δD
(k1 + ~k2 + ~k3 ) Bζ (~k1 , ~k2 , ~k3 ) .

(2.1)

In a similar way, the power spectrum is defined in terms of the two point function by
3 ~
hζ~k1 ζ~k2 i = (2π)3 δD
(k1 + ~k2 ) Pζ (k1 ) .

(2.2)
3

k
It is convenient to define the dimensionless power spectrum Pζ (k) ≡ 2π
2 Pζ (k). The
bispectrum we analyze in this paper arises in models of inflation in which the quantum
state of comoving curvature perturbations ζ is an excited state compared to the BunchDavies vacuum. This bispectrum, which we label GIS after its origin in a Generalized
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Initial State for inflation, can be written as
k2k2
(2.3)
BGIS (k1 , k2 , k3 ) = BGIS Pζ (k1 )Pζ (k2 ) 1 3 2 ×
k3
"
#
1 − eikt /k∗
1 − eik̃1 /k∗
1 − eik̃2 /k∗
1 − eik̃3 /k∗
× Re ft
+ f1
+ f2
+ f3
+ 2 perm. ,
kt
k̃1
k̃2
k̃3
where kt = k1 + k2 + k3 , k̃i = kt − 2ki , and BGIS is a coefficient parameterizing its
amplitude. The functions fi may have dependence on the momenta, and generically
have non-vanishing real and imaginary parts. For comparison, the well studied local
ansatz [36–38] is
Blocal (k1 , k2 , k3 ) = Blocal [Pζ (k1 )Pζ (k2 ) + 2 perm.] ,

(2.4)

with Blocal ≡ 56 fN L . The next subsections discuss important features of the GIS bispectrum, including theoretical characteristics and observational constraints on the parameters in BGIS . Subsection 2.1 contains a brief list of the most important points connecting
the phenomenological ansatz above to scenarios with a modified initial state. Subsection 2.2 analyzes the shape BGIS . Finally, Subsection 2.3 discusses some additional
details of physically and observationally reasonable initial states, but can be skipped
by an observationally minded reader.
2.1

Lightening theory review

Any complete particle physics model of inflation should specify not only the action for
the relevant matter fields and how they couple to gravity, but also the initial conditions
both for the classical background spacetime and for the quantum state the fluctuations
start in. The quantum initial state is usually taken to be de Sitter invariant vacuum
state, the so called Bunch-Davies vacuum [39]. This assumption may be too restrictive,
because we do not know how long inflation lasted or what expansion history preceded
it. Therefore, just as an effective theory should include generic interaction terms in the
Lagrangian, it should also allow a generic initial state that is consistent with inflation.
The bispectrum for a modified initial state was first computed in [23, 24], but the
relevance for the enhancement in the squeezed configuration was first recognized in [14]
and further analyzed in [28]. This was, to our knowledge, the first example of a scenario
that is single-field in the usual sense (only one degree of freedom is relevant for the
background inflationary expansion and for the power spectrum) but that nonetheless
has large non-Gaussianity in the squeezed triangles observable in our universe postinflation. Small scale features during inflation that generate subhorizon interactions
can also lead to a stronger signal in squeezed but observable triangles [40]. Another
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mechanism for boosting the squeezed limit was recently found in [41]). The bispectrum
has the form given in Eq.(2.3), but when the non-Gaussianity originates from a single
field scenario with a Generalized Initial State the following properties hold:
• k∗ is a long wavelength scale. The scale k∗ is related to the value of conformal
time τ0 at which we specify the initial conditions, |τ0 | ≡ k∗−1 . The physical
condition that the observable modes in our present universe were deeply inside
the Hubble radius at time τ0 translates into
ki  k∗
for i = 1, 2, 3. The scale k∗ may refer to a genuine transition into inflation or may
be the earliest we trust a particular particle description of inflation.
• The interactions are gravitational in origin. The bispectrum above does not
depend on the form of the self interactions of the inflaton field (although adding
interactions can further enhance the signal). The amplitude of the bispectrum is
proportional to the slow-roll parameter  = − HḢ2 . Including the correct numerical
factor, we have
BGIS = 4
• The coefficients fi generically have real and imaginary parts, and are
scale dependent. The coefficients fi encode the information about the initial
state (see Section 2.3 and the Appendix for explicit expressions and examples).
They depend on how the modes k1 , k2 and k3 are populated as compared to
the Bunch-Davies vacuum, and therefore they are scale dependent. They must
decrease for high momentum faster than (k∗ /k)4 to ensure acceptable ultra-violet
behavior of the initial state. This fall-off may imply small values of all the fi
at observable scales if inflation lasts much longer than the minimum number of
e-folds. However, over a finite range of k, the functions fi may be nearly constant.
In fact, the observation of a nearly invariant power spectrum requires the fi , if
non-negligible, to be at most weakly scale-dependent (see section 2.3 for further
details). In addition, for this bispectrum to be observable the fi should not be
dominated by oscillatory terms (which does happen in models with oscillations
in the Lagrangian describing the inflationary phase [42, 43]). It would be very
useful to have a more thorough understanding of both the most generic scale
dependence and oscillatory behavior that can appear in the initial state.
• The shape contains a piece of the standard slow-roll bispectrum. Taking
the limit in which the initial state approaches the Bunch-Davies vacuum corresponds to considering f1 = f2 = f3 → 0 and ft → 1. Then, Eq.(2.3) reduces
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to


k12 k22
= 4 Pζ (k1 )Pζ (k2 ) 3 + 2 perm.
k3 kt


B(k1 , k2 , k3 )GIS→BD

In the case of Bunch-Davies vacuum there is an additional contribution to the
bispectrum (also proportional to slow-roll parameters) that is as important as this
one. However, that extra term is not enhanced by changing the initial quantum
state, so we neglect it here (see Eq.(A.1) in the Appendix for the full expression).
Notice also that in the squeezed limit and the Bunch-Davies vacuum, the term
above is B(k3  k1 ≈ k2 )GIS→BD → 2Pζ (k1 )Pζ (k3 ) (assuming the power spectrum is nearly scale-invariant). This is part of the familiar single-field slow-roll
consistency relation [33].
2.2

The shape BGIS (k1 , k2 , k3 ) and the role of k∗

The GIS bispectrum, BGIS (k1 , k2 , k3 ), given in Eq.(2.3), is considerably more complicated than the usual local bispectrum (2.4). Here we study its behavior in terms of
momenta and characterize the configurations for which it attains the largest value.
Recall that the local ansatz for the bispectrum has a dominant contribution in the
squeezed configuration in which k3  k2 ≈ k1 , given by
Blocal →

12
fN L P (k1 )P (k3 ) .
5

(2.5)

We can more clearly illustrate the relative importance of different momenta configurations by factoring out one of the momenta, k1 , and studying the behavior of BGIS as
a function of the ratios of the other momenta to k1 . We define x1 = 1, x2 = k2 /k1 ,
x3 = k3 /k1 , and similarly x∗ = k∗ /k1 and x̃i = k̃i /k1 . Since the bispectrum is symmetric in the momenta, we can simplify the analysis by restricting to 1 ≥ x2 ≥ x3 .
All other configurations will be related to those by permutations of the momenta. The
presence of the Dirac delta in (2.1) forces the three momenta to form a triangle, which
translates into the condition x3 ≥ 1 − x2 . We will also require the physically motivated
condition xi  x∗ (introduced in the previous section). One might impose a similar
constraint to consider only momenta observable today, xi > xmin  x∗ .
The novel feature of BGIS is the presence of new contributions proportional to factors of the type 1/x̃i , appearing in the second line of Eq. (2.3). These new factors can
be large for some specific momentum configurations, producing a significant enhancement in the bispectrum. For the restricted set of momenta we are considering here, we
have the following restrictions
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xt ≡ 1 + x2 + x3 ≥ 2

(2.6)

x̃1 ≡ −1 + x2 + x3 ≥ 0

x̃2 ≡ 1 − x2 + x3 ≥ xmin  x∗

x̃3 ≡ 1 + x2 − x3 ≥ 1

From this we see that the most important terms are those proportional to 1/x̃1 and
1/x̃2 in expression (2.3). Let us analyze each of these terms separately.
• Collinear and nearly collinear configurations: The term containing 1/x̃1 in
Eq.(2.3) is proportional to


1 − ei x̃1 /x∗
B̂1 = Re f1
.
(2.7)
x̃1
This term is constant along the lines x̃1 = const., and produces a large contribution when x̃1 → 0. Since x̃1 = −1 + x2 + x3 , this limit corresponds to
configurations where the three momenta are collinear. In Figure (1) we show the
shape of this term. The contribution of this term to the bispectrum in the x̃1 → 0
limit is proportional to Im(f1 ) x1∗ . However, notice that the exact limit x̃1 → 0 is
not the point where the part proportional to Re(f1 ) in this term takes its maximum amplitude. Instead, the contribution proportional to Re(f1 ) is largest when
x̃1 ≈ 2.33 x∗ . This contribution, that corresponds to very nearly, but not exactly,
collinear momenta configurations, is proportional to Re(f1 ) 0.72
. In summary, the
x∗
term shown in (2.7) attains its largest value along two different lines
(
1
Im(f1 ),
x̃ = 0 (collinear line);
(2.8)
B̂1 → x1∗
[0.72 Re(f1 ) + 0.31 Im(f1 )] x̃ ≈ 2.33 (nearly collinear line)
x∗
• Isosceles Squeezed Configurations: The term containing 1/x̃2 in Eq.(2.3) is
proportional to
1 − eix̃2 /x∗
B̂2 = Re f2
x̃2



.

(2.9)

This term is constant along the lines x̃2 = const., and produces the largest contribution when x̃2 → 0. However, since x̃2 = 1 − x2 + x3 , the minimum value it can
take is x̃2 = xmin , that corresponds to squeezed configurations where x3 becomes
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much smaller than the other momenta, x3 = xmin  1 (= x1 ) ≈ x2 . The largest
contribution of this term is thus proportional to 1/xmin . Note the exponential is
always highly oscillatory because xmin  x∗ , and cannot contribute. Figure (2)
shows the part of this term proportional to Re(f2 ). In summary, the largest value
of (2.9) is:
1
B̂2 → Re(f2 )
x̃2 = xmin (squeezed line).
(2.10)
xmin
Note that the part proportional to Im(f2 ) averages to zero as a result of the highly
oscillatory exponential.

B̂1 (f1 = 1)

0.5

B̂1 (f1 = i)

x2
1

0.5

x2
1
1/x⇤

0.72/x⇤

0
1

xmin

1

x3

xmin

x3

Figure 1. Contributions from the real (left) and imaginary (right) part of the f1 to the term
shown in (2.7). Both are constants in lines x̃1 = constant, and attain the maximum value in
nearly collinear configurations with x̃1 = 2.33 x̃∗ , and exact collinear configurations x̃1 = 0,
respectively.

Considering both contributions, Eq.(2.7) and Eq.(2.9), together, we find that the
bispectrum BGIS takes its largest value in squeezed configurations that are exactly or
nearly collinear. For exactly collinear-squeezed configuration we have (expressing the
result in terms of the k’s)


k1
k1
BGIS = BGIS Pζ (k1 )Pζ (kmin ) Im(f1 ) + Re(f2 )
,
(2.11)
k∗
2 kmin
with k1 = k2 + kmin (and k3 ≈ 2kmin  k1 , k2 ). And for nearly collinear-squeezed
configurations


 k1
k1
+ Re(f2 )
(, 2.12)
BGIS = BGIS Pζ (k1 )Pζ (kmin ) Re(f1 ) 0.72 + Im(f1 ) 0.31
k∗
2 kmin

–8–

B̂2 (f2 = 1)

0.5

x2
1

1/xmin

0
1

xmin

x3

Figure 2. Contribution from the real part of f2 to the term shown in (2.9). This term is
constant in lines x̃2 = constant, and attains its maximum value when x̃2 = xmin .

with −k1 + k2 + kmin = 2.33 k∗ (and k3 ≈ 2kmin  k1 , k2 ). Notice that the momentumdependent pre-factors Pζ (k1 )Pζ (kmin ) significantly enhance squeezed configurations relative to the others, but do not otherwise change the analysis above. Note also that
because kmin  k∗ , the collinear and nearly collinear-squeezed configurations are much
more important than the isosceles-squeezed configuration.
In Figures (3) and (4) we plot the total bispectrum BGIS (Eq. (2.3)) and compare
it with the local ansatz (Eq.(2.4)). In those plots we can see how BGIS is characterized
by a larger amplitude in all collinear configurations and an over-all enhancement in
squeezed triangles.
It is worth to emphasize that Eq.(2.11) and Eq.(2.12) show the largest numerical value that BGIS attains, which correspond to the squeezed configurations that are
collinear or very near collinear. However, it is not necessarily true that those are the
configuration that most contribute to physical observables such as the non-Gaussian
bias (Section 3), which depend on an integral over some weighted configurations of
BGIS . To better understand what the most relevant configurations are, it is useful to
re-write BGIS as follows. We focus in the squeezed limit, k3  k1 , k2 , because this is
the most significant region. We can use the triangle condition, ~k1 + ~k2 + ~k3 = 0, to
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x2

0.5

x22 x23 ⇥ BGIS (1, x2 , x3 )

x2

0.5

x22 x23 ⇥ Blocal (1, x2 , x3 )

1

1
15000

100

50

5000

x3

xmin

0
1

xmin

x3

1

0

Figure 3. BGIS (left) with fi = 1 + i and x∗ = 10−2 , and the local ansatz Blocal (right).
Both bispectra are normalized by BGIS = Blocal = 6/5 (that corresponds to fN L = 1), and
have been multiplied by the factor x22 x23 . Blocal is large in squeezed configurations. BGIS is
largest in all collinear configurations, with a very significant over-all enhancement in squeezed
triangles.

BGIS (1, x2 , x3 )/Blocal (1, x2 , x3 )
0.5

x2
1
100
50

xmin

x3

0
1

Figure 4. BGIS /Blocal with fi real. This figure shows the importance of collinear configurations, with an additional enhancement in the squeezed limit, to BGIS compared to Blocal .

– 10 –

p
write k2 = k12 + k32 + 2k1 k3 µ, where µ = cos (θ13 ) (the angle between ~k1 and ~k3 ). The
bispectrum in the squeezed limit can then be written as


k1
1 − ei(1+µ)k3 /k∗
1 − ei(1−µ)k3 /k∗
BGIS (k1 , k2 , k3 ) → BGIS Pζ (k1 )Pζ (k3 ) Re f1
+ f2
.
k3
1+µ
1−µ
This expression shows again that the maximum numerical value for the bispectrum
corresponds to collinear configurations (µ → ±1) that are squeezed (k3 → kmin ), and
the formulas (2.11) and (2.12) can be easily obtained from it in that limit. Note also
the global 1/k3 dependence. Additionally, the above expression shows that the configurations with larger “volume”, i.e. most contributing to the integral of BGIS , are those
for which |µ| is close to 1, so the denominators in (2.13) are small, but still small enough
so the oscillatory behavior of the exponentials is important. Those configurations are
squeezed but between nearly collinear and isosceles triangles (sometimes called ‘elongated’ in the literature) and will provide the largest contributions to observables such
as the halo bias.
2.3

Examples and constraints for the initial state

In a scenario where inflation starts at some finite time, the state of perturbations at
the onset of inflation may deviate from the vacuum state as a consequence of a nontrivial pre-inflationary evolution. There are several examples in the literature of initial
states obtained, for instance, by assuming a radiation dominated phase before inflation
[44], an anisotropic pre-inflationary phase of the universe [45], the (singularity-free) preinflationary spacetime arising from Loop Quantum Cosmology [46], initial states arising
from integrating out heavy fields [47–52], etc. Generically, pre-inflationary evolution
could produce a state for the perturbations with some number of quanta compared to
the Bunch-Davies state, and which need not be Gaussian or pure. Therefore, the most
general state would be a non-vacuum, non-Gaussian, mixed quantum state. Because
our goal is to study the non-Gaussianity generated during inflation, for simplicity we
consider a Gaussian, pure initial states (see [14] for a discussion including mixed states.)
These states can be described by Bogoliubov transformations of the vacuum.
To specify the initial state we first expand the field operator of the primordial
curvature perturbation ζ in Fourier modes
Z
d3 k
~
ζ(~x, τ ) =
ζ~k (~x, τ ) ,
ζ~k (~x, τ ) = (A~k ζ̄k (τ ) + A†−~k ζ̄k∗ (τ )) eik~x ,
(2.13)
3
(2π)
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where τ is conformal time. The mode functions can be written as a linear combination
ζ̄k (τ ) = αk ζk (τ ) + βk ζk∗ (τ ), where |αk |2 − |βk |2 = 1, and
ζk (τ ) =

H 2 (1 + ikτ ) −ikτ
√
e
,
φ̇0
2k 3

(2.14)

are de Sitter invariant modes.1 Here φ0 (t) is the homogeneous part of the inflaton
field. The Hubble scale is H ≡ ȧ/a with a(t) the scale factor and the dot indicates
the derivative with respect to the cosmic time. With the normalization (2.14), the
operators A~k and A~†k satisfy commutation relations [A~k , A†k~0 ] = (2π)3 δ 3 (~k − k~0 ). When
αk = 1 and βk = 0 for all k, the state annihilated by all the operators A~k is called
the Bunch-Davies vacuum state. For arbitrary values of the Bogoliubov coefficients
αk and βk (with |αk |2 − |βk |2 = 1) the state is a Bogoliubov transformation of the
Bunch-Davies vacuum. It can be interpreted as containing an average number density
of quanta per unit proper volume (2πa)−3 |βk |2 d3 k with momenta near ~k in the range
d3 k, as compared to the Bunch-Davies vacuum.
There are restrictions on behavior of the coefficients αk and βk coming both from
theoretical considerations and CMB observations. To show this explicitly, we consider
the representative example in which the number of initial quanta fall off with some
power of k
2

Nk ≡ |βk | = N0



k
k∗

−δ̂
,

(2.15)

where k∗ ≡ a(τ0 )H (any other choice for this scale translates into a redefinition of the
constant N0 ).
• Renormalizability condition
From the theoretical point of view, the adiabatic condition [54], or similarly the
Hadamard condition, restricts the ultra-violet behavior of the initial state by
requiring that αk → 1 and βk → 0 faster than k −4 , when k → ∞. This condition ensures that the UV divergences appearing in expectation values of relevant
quantum operators can be systematically cured by methods of renormalization
and regularization. However, it does not necessarily restrict Nk for the finite
values of k relevant for observations. We consider then

δ̂ =

δ
for k < kmax
δ0 > 4 for k ≥ kmax

1

(2.16)

In an inflationary spacetime that departs from the pure de Sitter geometry the above modes
generalize to Hankel functions (see, for instance, [53]).
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for some scale kmax > k∗ and, for simplicity, we consider both δ and δ0 constants.
Notice that since physically reasonable initial states can only deviate from BunchDavies over a finite range of k, a modified initial state will not alter the usual
consistency relation in the limit k3 /k1 → 0.
• Negligible backreaction condition
The initial state must satisfy that the back-reaction of its energy density should
not modify the inflationary background expansion. The expression for the energy
density of the generalized initial state can be obtained by considering the timetime component of the renormalized stress-energy tensor (see, for instance, [39,
55, 56] for explicit expressions). One can, however, obtain a reasonable estimate
by using
1
ρN(k) (τ ) ≈
a(τ )4

Z

∞

d3 k k N k .

(2.17)

0

We will demand that at any time τ during inflation ρN(k) (τ ) has to be negligible
compared to the energy density of the unperturbed part of the inflation field,
which is given by ρ0 ≈ MP2 H 2 . A stronger condition, however, is obtained by
demanding that the change in time of the energy density ρGIS to be small, in such
a way that the slow-roll conditions are not violated. This gives [24, 57]
ρN(k) (τ ) <
−2
∼  = O(10 ) .
ρ0

(2.18)

From this inequality the following restrictions for N0 are obtained (we show here
a few examples)
<
– For δ = δ0 > 4, N0 ∼
<
– For δ = 2, N0 ∼
<
– For δ = 0, N0 ∼

MP2
H2

MP2
H2

MP2
H2

(δ0 − 4) ≈ 109 (δ − 4).

2
k∗
≈ 105 ,
kmax

4
k∗
≈ 10,
kmax

where we have used kmax ≈ 102 k∗ .
Note that negligible back reaction and the renormalizability condition imply small
number of all initial quanta for observable modes if inflation lasts much longer
than the standard assumption of around 65 e-folds.
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• Spectral index condition
The observation of a nearly scale invariant power spectrum in the CMB imposes
the strongest condition on N0 . The power spectrum arising from a generalized
initial state is given by
1 H2
Pζ (k) = |ζ̄k | =
|αk + βk |2 .
2
3
2MP 2k
2

(2.19)

The spectral index is then
nGIS
−1≡
s

d ln |αk + βk |2
d ln (k 3 Pζ (k))
= n(0)
−
1
+
,
s
d ln k
d ln k

(2.20)

(0)

where ns is the spectral index obtained in the vacuum state computation. The
observed [58] value ns = 0.963 ± 0.012, imposes the condition
d ln |αk + βk |2 <
−2
∼ O(10 ) .
d ln k
This inequality, for k ≈ k∗ , requires
< 10−2 .
2N0 (δ − 10−2 ) ∼

(2.21)

Note that this condition severely restricts the size of N0 , unless the value of δ is
close to 10−2 .
It is interesting to estimate the way the squeezed limit of the bispectrum scales
with momenta for the example in Eq.(2.15). To simplify the equations, we will consider
µ ≈ 0 and k3  k1 ≈ k2 . As we saw at the end of section (2.2), this point is not where
the amplitude of the bispectrum is maximum, but it is representative of the dominant
behavior of the bispectrum, especially for Large Scale Structure observables. In that
case
B(k1 , k2 , k3 ) →

(2.22)



ft + f3 k1
1 − ei(1+µ)k3 /k∗
k1
1 − ei(1−µ)k3 /k∗
BGIS Pζ (k1 )Pζ (k3 ) Re
+ f1
+ f2
2
k3
1+µ
k3
1−µ


ft + f3 k1
≈ BGIS Pζ (k1 )Pζ (k3 )
+ (f1 + f2 ) , |µ| ≈ 0 .
2
k3




To make the discussion more transparent, let us consider |αk + βk |2 ≈ 1 + |βk |2 (i.e. we
neglect the interference terms between α and βk ). This, combined with the fact that in
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the squeezed limit k1 ≈ k2 , allow us to simplify the expressions for the fi , and we find
ft + f3 = 1 ,
f1 + f2 ≈ 2f1 =

(2.23)
2Nk1 (1 + Nk1 )
.
(1 + 2Nk1 )(1 + 2Nk3 )

If the number of initial quanta is small, Nk  1, the dominant behavior of the bispectrum is captured by
"
 −δ #
k1 k1
B(k1 , k2 , k3 ) ∼ BGIS P (k1 )P (k3 ) 1 + 2N0
.
(2.24)
k3 k∗
In case Nk > 1 we have, instead

B(k1 , k2 , k3 ) ∼ BGIS

1 k1
Pζ (k1 )Pζ (k3 )
2 k3



k3
k1

δ
,

(2.25)

< 10−2 as a consequence of the spectral index constraint. However,
where in this case δ ∼
we see that for δ > 0, the bispectrum is at most as divergent as 1/k34 in total.

3

Observational Consequences for Large Scale Structure

Although several authors have looked at how the CMB might constrain the GIS bispectrum [24–28], the strong enhancement in the squeezed limit, Eq.(2.13) above, means
that Large Scale Structure should already provide an excellent constraint. In this section we compute the LSS signatures, beginning with the effect on the power spectrum
of dark matter halos and galaxies (the non-Gaussian bias). We also compute the total
skewness, which gives a feeling for how non-Gaussian the GIS scenario is and how much
the expected number density of galaxies and galaxy clusters is affected. In this section,
we normalize the amplitude of both bispectra by BGIS = Blocal = 65 (corresponding to
fN L = 1) and we write fi = 1 + i to simplify the parameter space.
3.1

Cosmology

We use WMAP 7 year best fit values for parameters of the homogeneous cosmology (including the matter density Ωm and the Hubble parameter today, H0 ) and the
fluctuations [58]. On large scales the power spectrum is well described by Pζ (k) ≈

ns −1
k
−9
2.42 × 10
, with the spectral index ns − 1 ≈ −0.034.
0.002Mpc−1
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The relation between the primordial curvature perturbation ζ and the linear perturbation to the matter density δ = δρ/ρ today is
3
δ(~k, z) = M (k, z)ζ(~k) = M (k, z)Φ(~k) ,
5

(3.1)

with
M (k, z) =

2 1 1
D(z) T (k) k 2 ,
2
3 Ωm H0

(3.2)

where Φ(k) is the Bardeen potential, D(z) is the linear growth function, z is the redshift,
and T (k) is the transfer function. The smoothed density field is given by
Z
d3 k
δR (z) =
WR (k)δ(~k, z) ,
(3.3)
(2π)3
where WR (k) is the Fourier transform of a window function. Since we compute the
statistics of the smoothed density field, it is useful to define the MR (k, z) = M (k, z)WR (k).
The smoothed variance is then
Z 3 0
Z
dk 9
d3 k
2
2
MR (k)MR (k 0 )hζ~k ζ~k0 i
σR = hδR i =
3
(2π)
(2π)3 25
Z ∞
dk 9
=
MR (k)2 Pζ (k) .
(3.4)
k
25
0
3.2

Generalized initial states and halo bias

Large Scale Structure surveys measure the statistics of gravitationally bound objects
observed in the late universe. Even if the primordial density perturbations were Gaussian, the power spectrum of the bound objects, formed from sufficiently overdense
regions, is not identical to the power spectrum of the linear density field. The ratio
of clustering of objects to that of the underlying density field is characterized by the
bias, b (see [59] for a comprehensive review). For example, the power spectrum of dark
matter halos, Phh , can be related to the matter power spectrum Pmm by
Phh (k) = b2 Pmm (k) ,

(3.5)

where on large scales b is roughly scale-independent but depends on the mass of the
halo.
The bias seen on large scales can shift significantly if the primordial perturbations
are non-Gaussian. Although anticipated by early theoretical work [60, 61], this was
first definitively seen in simulations of the exact local ansatz [21], where a strongly
scale-dependent term in the bias was uncovered. Further analytic and simulation work

– 16 –

[62–65] verified that the leading new contribution to the bias on large scales (small k)
from local type non-Gaussianity is
∆bNG,local (k, z) =

fN L
2fN L b1 δc
∝ 2
M (k, z)
k

(3.6)

where b1 is the linear Gaussian (Lagrangian) bias, δc is the collapse threshold (1.686
in spherical collapse) and we have used T (k) → 1, so M (k) ∝ k12 on large scales.
Measurements of the power spectrum of objects like quasars and luminous red galaxies
have already been used to constrain non-Gaussianity of the local type [22, 66] at a level
competitive with WMAP, and results from future LSS surveys are expected to match
or exceed even the best constraint from Planck satellite measurements of the CMB
[67–69].
The computation of ∆bNG from primordial bispectra more general than the local
ansatz requires more attention. Since it is the coupling of long and short wavelength
modes that leads to the non-Gaussian bias, a good estimation of the signature of
any primordial bispectrum can be obtained by looking at its amplitude in squeezed
momenta configurations. Furthermore, simulations [70–73] and analytic work [74–76]
both indicate that the contribution to the bias from the connected primordial N -point
function can be calculated from



4
F (N ) (k)
dlnF (N ) (k)
∆bN G (k, z) =
bN −2 δc + bN −3 3 − N +
(3.7)
(N − 1)! M (k, z)
dlnσRs
for N ≥ 3. The bN are higher order Gaussian (Lagrangian) bias parameters (b0 = 1,
while the rest of the bi are numbers determined from simulations or data). The subscript
s indicates quantities that are defined locally, on length scales small compared to k −1 ,
and the functions F (N ) are related to the N -point correlation functions of the Bardeen
(N )
potential, ξΦ by
"N −2 Z
#
3
Y
1
d qi
(N )
MRs (qi ) MRs (q̂)ξΦ (q1 , . . . , qN −2 , q̂, k) , (3.8)
F (N ) (k) = 2
3
4σRs PΦ (k) i=1
(2π)
where
q̂ ≡ −q1 − · · · − qN −2 − k .
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(3.9)

For the contribution from the bispectrum, for example, we have



dlnF (3) (k)
F (3) (k)
b1 δc +
+ ...
(3.10)
∆bN G (k, z) = 2
M (k, z)
dlnσR,s
Z
d3 q
1
(3)
F (k) =
MRs (q)MRs (| − q − k|)BΦ (q, −q − k, k)
4σR2 s PΦ (k)
(2π)3
Z
d3 q
3
1
=
MRs (q)MRs (| − q − k|) Bζ (q, −q − k, k)
2
3
4σRs Pζ (k)
(2π)
5
Notice that for the local ansatz
(3)

Flocal (k) → fN L

(3.11)

on large scales (roughly k . 0.05hMpc−1 ). This is a constant, and produces ∆bN G,local ∝
2b1 fN L δc
.
k2
For the Generalized Initial State with constant fi , the expression is
Z 1
Z ∞
3 BGIS
(3)
dµ q 2 MRs (q)MRs (q̂)
(3.12)
dq
FGIS (k) =
2
2
5 16π σRs qmin
µmin


k 2 q̂ 2
k 2 q 2 Pζ (q)Pζ (q̂) q 2 q̂ 2
× Pζ (q̂) 3 + Pζ (q) 3 +
q
q̂
Pζ (k)
k3

1 − ei(q+k+q̂)/k∗
×Re ft
q + k + q̂

i(−q+k+q̂)/k∗
1 − ei(q+k−q̂)/k∗
1 − ei(q−k+q̂)/k∗
1−e
+ f2
+ f3
+f1
−q + k + q̂
q + k − q̂
q − k + q̂
p
|k2 −q 2 −k2 |
}, and we take the normalwhere q̂ = q 2 + k 2 + 2kqµ, µmin = Max{−1, − min 2kq
(3)

ization BGIS = 6/5. The main characteristics of FGIS are listed below and illustrated
in Figures 5 and 6.
(3)

• FGIS depends strongly on nearly collinear configurations. The largest
contributions to the integrand come from triangles that are nearly collinear (elongated) and exactly collinear. This is shown in Figure 5. The left panel shows the
entire integrand, which peaks for µ closer to ±1 than to 0. The right panel shows
the contribution from the isosceles squeezed limit only (in this limit the shape of
the integrand is very similar to the integrand for the exact local ansatz).
(3)

• FGIS depends on the scale k. The GIS shape is more divergent at small k
(3)
than the local ansatz. With the fi constant, FGIS can be nearly as divergent as
1
while the local ansatz is constant. Constant contributions depending on 1/k∗
k
level off the scale-dependence slightly. This is shown in the left panel of Figure
6.
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Isosceles Squeezed limit of
(3)
the integrand of FGIS for fi = 1 + i

(3)

Integrand of FGIS for fi = 1 + i

10000
200

1

1

100

0

0

0

µ

q

0

0

µ

q
1

1

1

1

Figure 5. The left panel shows the full integrand contributing to F (3) for the Generalized
Initial State shape, with BGIS = 56 , fi = 1 + i. The right panel shows the contribution from
the isosceles squeezed limit of the shape only. The significant contributions from the nearly
collinear squeezed configurations can be seen from the enhancements near the corners µ ≈ ±1.
(3)

(3)

• FGIS depends on smoothing radius (mass). Since FGIS is scale-dependent
(3)
(the result is not invariant under rescalings k → λk), FGIS depends on the
smoothing scale R. This means that the amplitude of the non-Gaussian term
∆bN G will depend differently on the mass of the object (galaxy or dark matter
halo) whose power spectrum is considered than the Gaussian bias does. In addition, the last term in the square brackets in Eq.(3.7) will contribute to the bias
for the GIS shape. This is shown in the right panel of Figure 6.
(3)

• FGIS has contributions from the real and imaginary parts of fi . Both
(3)
panels of Figure 6 show FGIS evaluated for fi = 1 (lines labeled Re(fi )) and fi = i
(lines labeled Im(fi )). The contributions to the integrand from Re(fi ) come from
both isosceles-squeezed and near collinear-squeezed configurations, while those
proportional to Im(fi ) are entirely from collinear-squeezed momenta.
(3)

• FGIS depends on k∗ . The contributions from squeezed collinear configurations
(3)
depend on the scale k∗ and dominate FGIS . Notice however, that this does
not imply the (physically unreasonable) result that non-Gaussianity increases
arbitrarily for a long duration of inflation: here we have taken a simplified scenario
where the coefficients fi are constants, which cannot hold over an arbitrarily long
range of momenta. Figure 6 compares k∗ = 10−5 M pc−1 and 10−6 M pc−1 .
The results for the non-Gaussian bias are shown in Figure 7. The qualitative
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Figure 6. Left panel: The integral FGIS (k, M = 7 × 1013 M ). Right panel: The integral
(3)
FGSI (k = 0.001Mpc−1 , M ). Both panels show the GIS shape with BGIS = 56 and fi = 1 + i.
The local ansatz with the same normalization would give a straight line in both panels at
(3)
F = 1. The green stars in the left panel compare the result FGIS to the roughly expected 1/k
behavior, normalized to match the k∗ = 10−5 example at k = 10−4 Mpc−1 . The contributions
from real part (circles) and imaginary part (triangles) of fi are shown, each at two values for
the scale k∗ (filled blue vs open red points). The Re(fi ) contribution increases in magnitude
as k∗ decreases, while the Im(fi ) contribution stays constant.

(3)

features can be understood as consequences of the behavior of FGIS discussed above.
The most significant things to notice are that the bias for GIS (and constant fi ) can
be as divergent as 1/k 3 and can have a large amplitude on large scales, comparable to
that from local fN L ∼ 6, even if BGIS ∼ (10−2 ).
3.2.1

Contribution from the trispectrum

We can also study the contribution to the non-Gaussian bias coming from the primordial
trispectrum (the four-point function in momentum space). The complete expression for
the trispectrum for a generalized initial state is, however, more complicated than the
expression for the bispectrum, and the numerical integrals involved in the computation
(4)
of FGIS are more challenging. On the other hand, if we take into account that most of the
contribution to the bias comes from the squeezed limit of primordial non-Gaussianity,
we can obtain a good estimate by analyzing the limit of the trispectrum where one of
the momenta is much smaller that the other three. This limit has been analyzed in
[77] and the conclusions are in parallel to those obtained for the bispectrum. Namely,
the trispectrum shows a significant enhancement in the squeezed configurations that
can be larger than the vacuum prediction by a factor 106 . This happens for squeezed
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Figure 7. The non-Gaussian bias from the Generalized Initial State with BGIS = 65 and fi
real (fi imaginary contributes comparably). The left hand panel shows the result from GIS
bispectrum (upper, filled points) compared to the local ansatz with fN L = 1 (lower, open
points). Each case is computed for three masses: 7 × 1013 M (blue circles), 3 × 1014 M (red
triangles), 1 × 1015 M (black diamond). The right hand panel shows the result from GIS
bispectrum evaluated at k = 0.001M pc−1 as a function of σR . Smaller σR is related to large
scales and larger mass objects. See the bullet points in the text for more detailed explanations
of these results.

configurations in which the three large momenta form a flattened triangle, the so called
squeezed-flattened configurations for which k1 ≈ k2 ≈ k4 /2  k3 (although other
squeezed configurations with similar enhancements may exist). It is then interesting to
investigate the impact on the non-Gaussian bias. In the squeezed-flattened limit, the
four-point function takes the form [77]
X
~ka ) Tζ (~k1 , ~k2 , ~k3 , ~k4 ) ,
hζ~k1 ζ~k2 ζ~k3 ζ~k4 i = (2π)3 δD (

(3.13)

Tζ (~k1 , ~k2 , ~k3 , ~k4 ) = ĝN L Pζ (k1 )Pζ (k3 )Pζ (k4 ) ,

(3.14)

a

with

where

ĝN L = 32 

k1
k3

2
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fα,β cos θ.

(3.15)

In this expression, θ is the angle between the vectors ~k3 and ~k4 , and fα,β contains the
information about the initial state. When the average number of initial quanta in the
observable modes is of order one or greater, fα,β is generally of order one.
The important point here is that when the above expression is employed to compute
(4)
FGIS , the integration over all squeezed-flattened configurations vanishes, due to the
presence of cos θ. Therefore, even when those configurations are enhanced compared to
the vacuum case, they do not produce a significant contribution to the non-Gaussian
bias. We can not discard, however, that other configurations produce a significant
contribution, and a more detailed analysis is needed.
3.3

The skewness

The skewness is useful for getting a sense of the overall level of non-Gaussianity since it
integrates over the full bispectrum. It is also what appears in the non-Gaussian mass
function. The smoothed 3-point function is
Z 3 Z 3 Z 3
d k1
d k2
d k3
3
hδR i =
MR (k1 )MR (k2 )MR (k3 )hζ~k1 ζ~k2 ζ~k3 i . (3.16)
3
3
(2π)
(2π)
(2π)3
For a Generalized Initial State with the fi constant that is
 3
Z ∞
Z ∞
Z 1
3 3
3
hδR i =
BGIS
dk1
dk2
dµ
2 5
kmin
kmin
µmin (k1 ,k2 )
k1
×MR (k1 )MR (k2 )MR (k̂)Pζ (k1 )Pζ (k̂)
k2 k̂
(
1 − ei(k1 +k2 +k̂)/k∗
1 − ei(−k1 +k2 +k̂)/k∗
× Re ft
+ f1
k1 + k2 + k̂
−k1 + k2 + k̂
)
1 − ei(k1 −k2 +k̂)/k∗
1 − ei(k1 +k2 −k̂)/k∗
+f2
+ f3
;
k1 − k2 + k̂
k1 + k2 − k̂
q
k̂ = k12 + k22 + 2k1 k2 µ .

(3.17)

We again take the normalization BGIS = 56 and the simplified parameter case fi = 1 + i.
We use k∗ = 10−5 Mpc−1 so that all currently observed CMB modes satisfy kobs ≥
10k∗ ≡ kmin . It’s also interesting to compare the shape as a function of smoothing scale
(mass) a little more carefully by plotting the dimensionless skewness, which is nearly
scale-independent for the local ansatz:
S3,R σR =

hδR3 i
.
hδR2 i3/2
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(3.18)

Dimensionless Skweness
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Figure 8. Comparing the size of the skewness for the usual local ansatz (solid black) and
the Generalized Initial State (blue short dashed). We take fi = 1 + i and separately plot the
contributions proportional to the real and imaginary parts of the fi . For reference we also
show a scale-dependent local ansatz, where fN L = fN L (kp )(k/kp )nf (the red, long-dashed
line). The right panel shows the dimensionless skewness for the same bispectra.

The results for the GIS shape and the local bispectrum with fN L = 1 are plotted in
Figure 8.
These results for the skewness suggest that we could profitably use the already calculated Minkowski functional constraints from the CMB as a first pass at constraining
the GIS non-Gaussianity. Minkowski functionals, reported for the local ansatz, restrict
−70 < fN L < 91 at 95% confidence level [78, 79]. (For comparison, constraints from
WMAP [58] and the local ansatz bispectrum are −10 < fN L < 74.) Finally, since the
GIS non-Gaussianity is scale-dependent, a combination of CMB and LSS constraints,
including cluster counts, would ultimately constrain this physics in complementary
ways [73, 80–82].

4

Conclusions

In this paper we have analyzed the consequences of non-Gaussianity from single field
inflation with a generalized initial state. We have especially emphasized the strongly
scale-dependent term in the halo bias. The strongest scale dependence in the bias corresponds to a choice for the initial state that is nearly scale invariant (over a finite range
of momenta). Near scale-invariance of the initial state is necessary to satisfy constraints
from the spectral index when deviations from Bunch-Davies are non-negligible.
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Perhaps the most interesting implication of our result is that it strengthens the
case for a more general analysis of existing Large Scale Structure data and bias, which
has already been used to significantly constrain non-Gaussianity of exactly the local
type. That constraint is remarkable, but the data are powerful enough to do even more.
Only a very small fraction of inflation scenarios predict non-Gaussianity of exactly the
local type, so it is useful to characterize the non-Gaussian bias in the most general way
the data allows. Our work here, together with the work on quasi-single field inflation
[83, 84] and genuinely two field models [73] suggest that it would be very profitable to
constrain non-Gaussian bias in terms of the two parameter family
fNeffL (M )
∆bN G ∝
(4.1)
kα
allowing α to be a continuous parameter in at least the range α ≤ 3.
It is perhaps useful to note that, at least for the purposes of large scale structure
observables, the qualitatively important features of single field Generalized Initial State,
quasi-single field, and multi-field models can all be captured by the generalized local
ansatz introduced in [73]:
BΦ (~k1 , ~k2 , ~k3 ) = ξs (k2 )ξm (k1 )ξm (k3 )PΦ (k1 )PΦ (k3 ) + 5 perm .

(4.2)

where the ξs,m are allowed to be independent power law functions of the momenta
(compared to some pivot point kp ):

ξs,m (k) = ξs,m (kp )

k
kp

n(s),(m)
f
(4.3)

For example, we see from Eq.(2.24), which was written for k1 = k2 , that a Generalized
Initial State populated by
 −δ
k
Nk = N0
,
(4.4)
k∗
(s)

(m)

has nf = 2 − 2δ and nf = δ − 1. Physically reasonable versions of any of the models
listed above will of course allow only restricted versions of the generalized local ansatz
(s),(m)
(eg, multi-field models typically have the nf
of order slow-roll parameters). Still,
the ansatz may be useful for phenomenological modeling of generic effects of correlations
between long and short wavelength modes.
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A

Bispectrum from a Generalized Initial State

Here we write the complete expression of the inflationary bispectrum obtained from
allowing a more generic quantum state for the scalar perturbations. We consider states
specified by a Bogoliubov transformation of the Bunch-Davies vacuum. The computation of the bispectrum BGIS follows the same steps as the computation using the
vacuum states [33], with the vacuum mode functions substituted by the Bogoliubov
rotated mode functions ζ̄k (τ ) (see Eq.(2.14)). We do not reproduce here the details
of the derivation, and we refer the reader to the literature [24] [14] [28]. The result is
given by
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where kt = k1 + k2 + k3 , k̃i = kt − 2ki , and k∗−1 ≡ τ0 characterizes the value of
the conformal time at which the initial conditions for inflation are specified. The
physical condition that the observable modes in our present universe were deeply inside
the Hubble radius at the onset of inflation translates into the condition ki  k∗ , for
i = 1, 2, 3. In the previous equation we also have
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If there are no particles present in the initial state, then βk = 0, in which case ft = 1,
f1 = f2 = f3 = 0, and expression (A.1) reproduces the well known slow-roll result
obtained in [33].
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